I. INTRODUCTION
Polypeptide chains are known to aggregate into filamentous structures called amyloids that have been the subject of intense research due to their potential as novel materials, 1 their detrimental effects on the stability of peptide pharmaceuticals, 2 and their role in diseases such as Alzheimer's and diabetes. 3 In particular, the kinetics of fibril formation have been extensively studied [4] [5] [6] [7] [8] [9] to understand the stochasticity of disease onset and the lifetimes of metastable states that are thought to play a role in disease progression. 10 These kinetics are difficult to study because the timescales for disease progression, typically years to decades, are prohibitive for direct biophysical studies under physiological conditions. Because of this, in vitro protocols utilize elevated concentrations and/or destabilizing conditions to accelerate the aggregation process. To extract the physiological relevance of these experiments it will be necessary to extrapolate these results toward in vivo conditions using theoretical models of the aggregation process. At present, the theory of aggregation is not sufficient for this purpose. Part of the problem is that the timescales of even in vitro aggregation exceed what is accessible by molecular simulation. Some of this timescale gap can be closed using coarse-grained models. Such models have revealed a subtle competition between H-bonds and hydrophobic interactions as well as a variety of potential assembly pathways. [11] [12] [13] [14] Yet, it can be difficult to generalize these results to the large phase space of concentrations and solution conditions that is explored in experiments. In this paper I present a microscopic model of the assembly process that explains the origin of the long aggregation timescales and shows a) schmit@phys.ksu.edu how temperature, denaturants, and protein size affect growth rates.
While fibrils can grow either by the attachment of single proteins to the fibril ends, or by the coalescence of small oligomers, [15] [16] [17] [18] this paper addresses only the former process. There are two reasons for this simplification. First, the low protein concentrations found in vivo 19, 20 will greatly favor monomeric pathways relative to the high concentration systems studied in vitro. 21 Second, the reduced complexity of monomeric growth makes the first-order process an obvious starting point.
Nuclear magnetic resonance (NMR) and X-ray structures of amyloids show highly ordered structures, usually with the polypeptides forming parallel, in-register β-sheets that span the length of the fibril. [22] [23] [24] This suggests a subtle competition between the specificity of the side chains and the periodicity of the backbone H-bonds. This paper posits that the nearly crystalline state is achieved by an exhaustive search of the potential alignments. The resulting theory has two timescales governing fibril growth; the diffusion time for an unbound polypeptide, and the time required for incorrectly aligned polypeptides to unbind from the fibril. However, the growth rate is much slower than either of these due to the low probability of a correctly aligned binding event.
II. MODEL A. Fibril order is determined by a competition between sidechain specificity and backbone periodicity
Consider a polypeptide consisting of L amino acids that is part of an assembled amyloid fibril. If this molecule adopts the optimal alignment and conformation it will have a free 0021-9606/2013/138(18)/185102/9 © Author(s) 2013 138, 185102-1 energy 0 N β reflecting the fact that N β peptide groups are buried within the cross-β core while L − N β amino acids remain solvent exposed and are insignificantly perturbed from the soluble state. Here 0 is the total free energy change associated with adding a peptide group to the cross-β core, which includes the formation of the backbone H-bonds, the loss of conformational entropy, and sidechain packing interactions. Due to the translational symmetry of the peptide backbone, this molecule can also satisfy backbone H-bonding requirements by shifting the entire molecule by one peptide unit in either direction or by switching from a parallel to anti-parallel β-sheet. While these additional alignments are fully consistent with the β-sheet structure of the fibril, presumably they are higher in free energy due to sub-optimal sidechain packing interactions. These interactions increase the free energy per peptide group to 1 . Within this simple model, the partition function describing the various alignments for a single molecule within the fibril is
Here the first term represents the optimal alignment, the second term represents the remaining ways of forming parallel and anti-parallel β-sheets that satisfy all N β backbone Hbonds, and the final term represents alignments where some H-bond groups in the neighboring molecules in the fibril go unsatisfied. If the system is allowed to reach equilibrium, the fraction of molecules in the optimal alignment is given by e −N β 0 /RT /Q. In the presently available structures of amyloid fibrils, this number is very close to unity, meaning that
This places a lower bound on the free energy difference 1 − 0 required to achieve specificity. However, this lower bound would only be sufficient to produce ordered fibrils in the limit where the system is given an infinite amount of time to equilibrate. 25 On shorter timescales, soluble molecules will sample each of the alignments described in Eq. (1) and ordered assembly will only be attained if the "correct" alignment can be discriminated from the large ensemble of suboptimal alignments on the timescale of fibril assembly.
There are two fundamental timescales governing the process by which incoming molecules attempt to attach to a growing fibril. The first of these is t diff which is the time required for a soluble molecule to diffuse close enough to the fibril end to make a H-bond. A rough estimate of t diff can be obtained from the reaction rate for particles approaching an absorbing sphere, 4π acD p , where a is the radius of the absorbing surface, c is the concentration far from the surface, and D p is the diffusion constant of the particles. To describe the growth rates of fibrils bound to a surface 26, 27 this must be reduced by half to account for the 2π solid angle restriction
where a 2 nm is the protofilament radius.
28, 29
The second timescale is t bond ( ), which is the average lifetime of a molecule attached to the fibril end before thermal fluctuations sever the bonds allowing it to diffuse away. This lifetime is a function of , the strength of the bonds holding the molecule onto the fibril end. A requirement for successful templating is that t bond ( 0 ) > t bond ( 1 ) . Section II B is devoted to calculating the residence time t bond to determine how it depends on the binding affinity.
B. The residence time can be described as a random walk
Upon making contact, the polypeptide will form H-bonds between its backbone and the exposed peptide groups on the fibril end (Fig. 1) . If, at a given time, the polypeptide makes x H-bonds with the fibril (x = 2 in the top panels of Fig. 1 ) the system can evolve in one of two ways; the polypeptide can form another H-bond with the fibril (Fig. 1 , bottom panels) leading to x + 1 H-bonds, or the polypeptide can break a Hbond leading to x − 1 bonds. Thus, the variable x performs a random walk bounded between the extreme values of x = 0 (an unbound polypeptide) and x = N β . 30 I define k + as the rate at which a polypeptide that is partially bound to the fibril end forms an additional H-bond (the random walk moves to the right) and k − as the rate of H-bond breakage (the random walk moves to the left). These rates can be related by the detailed balance condition p x k + = p x + 1 k − , where p x is the probability that the random walk is at x in a hypothetical system that is allowed to reach equilibrium. These probabilities are given by Boltzmann weights, meaning the ratio of the rate constants can be expressed in terms of the free energy change upon the formation of the H-bond The random walk in x is described by a diffusion constant D = (k + + k − )/2 and a drift velocity v = k + − k − . The statistics of this random walk are computed in the Appendix. Briefly, t bond is equivalent to the mean first passage time for a particle starting at x = 1 to reach an absorbing boundary at x = 0 with a reflecting boundary at x = N β . This time is
It will also be useful to calculate the time t attach required for a newly bound molecule to form the full complement of N β H-bonds with the fibril end, and the time t rel which is the average lifetime of a bound molecule that fails to form the full complement of H-bonds. t attach (t rel ) corresponds to the mean first passage time of a particle starting at x = 1 that reaches an absorbing boundary at x = N β (x = 0) without contacting the opposite boundary. These times are
where the probability that x = N β is reached first is
It is instructive to look at these times for typical amyloid parameters N β 25, 1 kJ/mol, 32 and k + 1 ns. 33 The attachment and release times are both very fast t attach 50 ns, t rel 2 ns, indicating that the formation of H-bonds is a downhill process and that if a molecule fails to form a full set of N β H-bonds it is because it detached before it had an opportunity to form more than one or two bonds. On the other hand, t bond is much slower, occurring on the millisecond timescale, due to the low probability of simultaneously breaking all N β H-bonds.
C. Ordered fibril growth requires incoming molecules to sample a large number of potential alignments
I assume that the first H-bond between a soluble molecule and fibril end is equally likely to involve any of the N β peptide groups on the fibril end and the L amino acids on the soluble molecule. Therefore, there are LN β permutations for the first bond. Of these, only the N β permutations where the incoming amino acid bonds in-register with the matching residue on the fibril end can result in ordered growth. Ordered growth also requires that the polypeptide adopt the same orientation as the rest of the fibril. Without sacrificing generality, I assume the orientation to be parallel, rather than anti-parallel, β-sheets. The probability that the incoming polypeptide binds in the parallel, in-register alignment is (2L) −1 . Therefore, the large majority of the time the polypeptide will bind incorrectly to the fibril. 30 When this happens, there is a waiting time t wait before the incorrectly bound molecule releases and there is a new opportunity for in-register binding. This waiting time is related to the residence time t bond calculated above, but the functional form depends on the templating mechanism as described in section II D.
In the rare event that the polypeptide correctly binds to the fibril there are two possible outcomes. First, with a probability P + the polypeptide may form H-bonds across the fibril end and thereby become incorporated in the fibril. Alternatively, the polypeptide may dissociate from the fibril with a probability P − = 1 − P + . The average times for these two events are the previously calculated t attach and t rel , respectively. The time required to sample all 2LN β binding conformations is
In Eq. (9) the first term is the time for a polypeptide to diffuse to the fibril end, attach incorrectly, and release 2LN β − N β times. The second and third terms are the weighted times for the polypeptide to bind correctly and either fully attach or release.
After a time τ all the fibril will have added, on average, P + N bond new molecules. Therefore, assuming the residence time t bond ( 0 ) for correctly bound molecules is very long, the growth rate is
Since t wait t bond and t bond t attach , t rel , Eq. (9) is dominated by the first term. Thus, it is reasonable to approximate the growth rate as
which has the same functional form proposed in previous work. 34 However, Eq. (11) predicts that the time required to add a molecule to the fibril is much longer than either of the two timescales appearing in the rate equation due to the low probability of in-register binding.
The key timescales in the growth process can be summarized k
+ , with an impressive 8 to 9 orders of magnitude separating the macroscopic growth rate from the microscopic timescale of H-bond formation. 26, 27 In addition, Eq. (11) shows that the timescale governing growth in the reaction limited regime, t wait t diff , is not the annealing of newly bound molecules, but the clearance of off-pathway intermediates. Finally, Eq. (11) can be immediately generalized to allow for cases where multiple alignments can be tolerated within the fibril. For example, if n different alignments can be accommodated within the steric zipper, then the prefactor is modified (2L − 1) −1 → n/(2L − n). The final step in the calculation is to compute t wait , which depends on the mechanism of templating.
D. Successful templating occurs when incorrectly bound molecules arrest growth
I will consider two possibilities for the templating mechanism. In the equilibrium formalism described by Eq. (1), these mechanisms correspond to the case where the energy penalty
Growth by direct templating
One possibility for the templating mechanism is that specificity is encoded by the direct sidechain-sidechain interactions between the incoming molecule and the terminal molecule on the fibril end. This mechanism, which I refer to as "direct templating" is a two-body interaction between the fibril end and the incoming molecule. This is to be distinguished from the "steric templating" mechanism to be discussed shortly that involves a three-body interaction. In direct templating the binding affinity between two molecules in the optimal alignment is described by 0 , while the binding affinity between any other set of sidechain pairings is 1 .
The growth behavior of the system can be controlled by using the protein concentration to vary t diff . There are four concentration regimes to consider, which are labeled by the numerals I-IV in Fig. 2(a) . Region I encompasses the very lowest concentrations, where t diff > t bond ( 0 ), meaning that the fibrils are thermodynamically unstable and will have a negative growth rate. At somewhat higher concentrations, t bond ( 0 ) > t diff > t bond ( 1 ), only bonds between inregister molecules are thermodynamically stable (regions II and III). However, between in-register binding events there will be numerous out-of-register binding attempts with a lifetime t bond ( 1 ). If an additional binding event occurs (either in-or out-of-register) while an out-of-register molecule is attached, the second molecule will also be unstable and have the same lifetime as the out-of-register molecules. Therefore, in Eq. (11) the waiting time t wait is the average time for all out-of-register molecules to detach so that the fibril presents a clean surface for in-register binding. This waiting time can also be modeled as a random walk with forward steps representing out-of-register binding events and backward steps representing detachment events. t wait is, therefore, the first passage time for a walk starting at one bound molecule to reach zero bound molecules. This time is given by Eq. (5) with N β → ∞ and a negative velocity v = t
bond ( 1 ). The resulting growth rate from Eqs. (5) and (11) is
This expression predicts a maximum growth rate when t diff = 2t bond ( 1 ). When t diff exceeds this value the growth rate increases with concentration (region II). However, when the concentration becomes high enough that t diff < 2t bond ( 1 ) the increased rate of binding attempts is offset by the greater probability of mis-bound molecules occupying the fibril end. This results in a declining growth rate as the concentration increases (region III). When t diff = t bond ( 1 ), Eq. (12) erroneously predicts that the growth rate reaches zero. In fact, at concentrations above this point, out-of-register binding becomes thermodynamically stable and the system will rapidly form disordered precipitates (region IV). In this regime, the aggregation rate be- comes
which increases linearly with the concentration. Region III, defined by 2t bond ( 1 ) > t diff > t bond ( 1 ), is the transition from completely ordered growth to disordered aggregation. Within this range, molecules that bind out-ofregister are thermodynamically unstable but may become trapped within the fibril if they become "capped" by stable ordered regions. The presence of a stable cap will prevent the mis-aligned molecules from regaining conformational entropy upon the breakage of their backbone H-bonds. This will dramatically increase the stability of these bonds causing the mis-aligned molecule to become kinetically trapped within the fibril. 35 The additional growth due to these trapped, disordered molecules can be estimated as follows. The formation of an in-register cap requires a single ordered molecule at the end of a disordered segment, which occurs with a probability (2L)
the average number of bound disordered molecules. d can be estimated from the average lifetime of an uncapped disordered region t wait . In this time approximately d molecules will attach and subsequently detach
where the second step follows from Eq. (5). Therefore, Eq. (12) can be modified as follows to account for the trapping of disordered segments within the fibril
where the two terms account for ordered growth and disordered growth, respectively. The approximate formulas Eqs. (12), (15), and (16) are plotted in Fig. 2(a) . Also shown are numerical growth rates from a stochastic simulation of the growth process using the Gillespie algorithm 36 for molecules of L = 40. The simulations show the predicted reduced growth rate in region III 2t bond ( 1 ) > t diff > t bond ( 1 ) that coincides with a rapid increase in the fraction of out-of-register molecules that are incorporated in the fibril (Fig. 2(b) ).
Growth by steric templating
Here I assume that direct sidechain-sidechain interactions account for only minor perturbations in the fibril stability and the sequence specificity arises, instead, from steric complementarity of the sidechains. In this case, mis-aligned molecules would result in a fibril core with either voids or steric clashes between adjacent sidechains. Such clashes would be easily resolved for a single mis-aligned molecule at the fibril end where the sidechains would have the freedom to adopt rotamers that extend the sidechains parallel to the fibril axis. However, these sidechains would then occupy the volume needed for the next molecule to bind. Therefore, in this model the first mis-bound molecule has a residence time that is minimally perturbed from the optimal alignment t bond ( 0 ), however, subsequent molecules have a much shorter lifetime t bond ( 1 ) due to the propagation of steric clashes.
Within this model a single mis-bound molecule will effectively arrest growth and we can approximate t wait t bond ( 0 ). Therefore, the growth rate becomes
where the ordered growth term comes from Eq. (11) and the disordered term is unchanged from Eq. (16) . The primary difference between this expression and Eq. (16) is that the initial growth rate plateau and the disorder transition are governed by two different timescales (t bond ( 0 ) and t bond ( 1 )) whereas in Eq. (16) both features are a function of t bond ( 1 ).
III. COMPARISON TO EXPERIMENT

A. Growth rates are limited by the low probability of in-register binding
The growth rate of Aβ fibrils was estimated by total internal reflection fluorescence (TIRF) microscopy to be about 10 molecules/s. 27 To compare this value to the theory I approximate t diff (Eq. (3)) using the Stokes-Einstein relation for the diffusion constant
where η is the viscosity of the solvent and the radius of the molecule is assumed to follow Flory scaling with R 0 = 0.133 nm. 37 With these parameters t diff = 0.9 ms at the 50 μM experimental concentration. If this is in the diffusion limited regime (t diff t wait ) with L = 40 the result would be a growth rate of about 14 molecules per second, in good agreement with the experiment. At the opposite extreme, an upper bound for t wait can be obtained from t bond ( 0 ). The stability of Aβ 40 fibrils is N β b = −13.1k B T 21 or b 1.3 kJ/mol for N β = 24. 29 The calculated parameters for Aβ 40 are t bond = 6.6 × 10 −4 s, t attach = 4.8 × 10 −8 s, t rel = 2.4 × 10 −9 s, and P + = 0.41 for a final growth rate of k grow = 3.4 molecules/s. This factor of three error is also within the expected range for such a coarse model, but it would seem that the major limitation on the growth rate is diffusion and the (2L) −1 probability of in-register binding.
More extensive kinetic data are available for insulin fibrils. Insulin is somewhat challenging to model because of the unknown fibril structure and the conformational constraints imposed by the disulfide bonds. Also, while the stability of insulin fibrils is known 38 this value is a combination of both intermolecular bonds and intramolecular contacts between the two peptide strands. Rather than attempt a blind deconvolution of these factors in the absence of a structure, I will neglect the attractive contribution from sidechain packing interactions and the repulsive contribution from conformational entropy and assume that the intermolecular H-bonds have the same thermodynamic properties as the bonds studied in detail by Ross and Rekharsky,
While these parameters were obtained in a carbohydrate system, the overall binding strength is comparable to that found in amyloids 38 and the explicit enthalpy and entropy contributions will permit the exploration of temperature effects. I take N β = 21 as suggested by Jiménez et al. 28 and use the total number of amino acids on both peptide strands for the length L = 51.
In order to aggregate folded proteins such as insulin it is usually necessary to destabilize the native state. Knowles et al. used both acidic conditions (pH 2.0) and guanidinium to denature the proteins. 26 The fraction of unfolded proteins as a function of guanidinium concentration is (10) with t wait = t bond ( 0 ) (solid) to the growth of insulin fibrils. 26 Due to the uncertainty in the experimental fibril density, the theory has been scaled to match the experimental range. Also shown (dashed) is a two parameter fit to k grow = (τ r + τ d /c) −1 which suggests that the 11 mg/ml data point is either an outlier, the onset of disordered growth, or shows the transition to growth by a different mechanism.
where c tot is the total concentration of proteins, c is the unfolded (aggregation prone) concentration, G 0 = −2.5 kcal/mol is the free energy of folding in the absence of denaturant, c d is the denaturant concentration, and m = 0.55 (kcal/mol)/mol is a constant describing the effect of the denaturant. 26 With these assumptions the growth rate in the steric templating model is shown in Fig. 3 as a function of concentration (the direct templating model will prove to be inconsistent with the temperature and denaturant effects discussed below). The theory captures the qualitative trend of a saturating growth rate, although it underestimates the saturation concentration. The time per attachment at 1 mg/ml is calculated to be 0.4 s. This is somewhat less than the 3.1 s estimated in the experiments, however, there is considerable uncertainty in both the experimental fibril density and the theoretical parameters k + , N β , and b . As a result the calculated rate in Fig. 3 has been scaled to match the experiments.
B. Temperature and denaturants accelerate fibril growth
Weakening peptide-peptide interactions with denaturants or temperature changes will have multiple effects on fibril growth kinetics. First, weaker interactions will destabilize the native fold, increasing the concentration of aggregation competent molecules and, therefore, reducing t diff (Eq. (20)). Second, weaker H-bonds will reduce t bond allowing the protein to more rapidly sample binding alignments. I assume that the H-bond formation rate k + is primarily determined by the diffusion dynamics of the peptide backbone, so weaker bonds will only increase k − . The temperature dependence of the Hbonds is described by Eq. (19) while denaturants are assumed to have a linear effect
where m H is a constant. Finally, increasing the temperature will increase the diffusion rates. However, including the tem- Temperature and denaturants are predicted to have very different effects on the two proposed templating mechanisms. In Fig. 3 it is readily apparent that the onset of fully disordered aggregation must occur at a concentration greater than ∼11 mg/ml. This means that at the 1 mg/ml concentration at which the temperature and denaturation experiments were performed, the direct templating model would require that the ratio t bond ( 1 )/t diff is less than 0.1. In this case, Eq. (12) would predict that changes in the temperature or denaturant concentration too small to promote significant unfolding would affect the growth rate by less than 10%. In contrast, the experiments show order of magnitude increases in the growth rate that occur below room temperature and at denaturant concentrations below 1M where unfolding effects are minimal. Therefore, the analysis below employs the steric templating model exclusively.
Figure 4(a) shows the effect of temperature. The experiments show an Arrhenius behavior over the measured temperature range. The theory captures this at low T but deviates at higher temperature. This is because diffusion becomes limiting in the theory, suggesting that either Eq. (20) underestimates the denaturation of the insulin at elevated temperatures, or there is an energetic barrier to binding that is missing from Eq. (3). If either of these is true, the growth rate would remain reaction limited. This case is shown by the dashed line in Fig. 4(a) , which is in good agreement with the experiments.
Arrhenius behavior is common in fibril growth kinetics. 32, 41 This may be derived in the steric model from Eqs. (5) and (11) 
Importantly, the energy barrier that must be surmounted does not correspond to the transition state. Rather, it describes the recovery from off-pathway kinetic traps. The effect of denaturants on the growth rate is shown in Fig. 4(b) . The single fitting parameter is m H = 0.29 (kJ/ mol)/mol, which is between the 0.10 (kJ/mol)/mol found for globular proteins 42 and 0.42 (kJ/mol)/mol for fibrils. 43 At the 1 mg/ml experimental concentration t bond > t diff , so the initial effect is from the increased bond breakage rate, while the effects of the increased diffusion rate set in at denaturant concentrations greater than ∼2M. At even greater concentrations the growth rate starts to decline when the denaturant concentration becomes high enough to melt the fibrils.
IV. EFFECT OF POLYPEPTIDE LENGTH ON GROWTH RATES
The growth rate in the steric templating model is extremely sensitive to the length of the polypeptide through the variables L and N β . There are two cases to consider. The first of these is when the entire polypeptide is incorporated into the cross-β core of the fibril such that L = N β . This is applicable in model systems where the amyloidogenic core of the protein has been isolated. Here the dominant effect of the length arises from the exponential factor in t bond (Fig. 5(a) , dashed line). At lower concentrations the diffusion time will become limiting ( Fig. 5(a) , solid line), which is most dramatic for short polypeptides; although small molecules diffuse faster, this effect is small compared to the exponential dependence of t bond on N β .
Alternatively, a portion of the polypeptide may remain outside the core of the fibril such that L > N β . For example, in Aβ fibrils the N-terminal 10-15 residues remain disordered. 22, 29 In this case increasing L (with N bond fixed) leads to a linear increase in the attachment time due to the increased probability for incorrect alignments. Figure 5(b) shows a very different behavior where the diffusion becomes limiting for long polypeptides. This is because t bond remains constant as L increases. Since the protein diffusion constant scales according to D p ∼ L −0.6 and the probability for correct binding is proportional to L −1 , the overall growth rate scales such as L −1.6 . The result is that assembly times become prohibitive for very long polypeptides-an effect that is exacerbated by the attainable concentrations for large mass proteins. This may explain why large proteins are rarely associated with amyloid diseases. 44 The kinetic limitation on the fibrilization of large proteins may be alleviated if the nonamyloidogenic regions retain a native fold. A partially folded protein would influence the growth rate in two ways. First, At high concentrations the rate is limited by the detachment rate for incorrectly bound polypeptides (red dashes). At lower concentrations, however, the diffusion time is limiting (solid blue). The diffusion limited regime may be more pronounced for either short or long polypeptides depending on whether the added length is incorporated into the cross-β fibril core. the more compact hydrodynamic radius would reduce t diff , with the diffusion constant scaling such as L −1/3 . Second, the residues in the folded core would be prevented from making incorrect H-bonds with the fibril end. However, the exposed residues would still only have a N −1 β probability of making correct contacts. This would modify the prefactor of Eq. (11) from (2L − 1)
β , which does not depend on the size of folded domain.
V. DISCUSSION
The aggregation process involves events occurring over a wide range of timescales, ranging from nanoseconds for the formation of H-bonds (k −1 + ), milliseconds for diffusion (t diff ) and the release of mis-aligned molecules (t bond ), to seconds for the overall growth rate (k −1 grow ). This fact complicates efforts to observe aggregation in silico. All-atom simulations of amyloid fibrils have shown that H-bond formation and breakage dominates the accessible simulation times. 30, 45 According to the model presented here, the timescale characterizing this process is t bond 1 ms for cross-β fibril cores consisting of 20-25 amino acids, which is at the upper limit of what is computationally tractable. Amyloid growth has been described in terms of a two state "Dock and Lock" process based on distinct populations observed in dissociation experiments. 46 In these experiments the defining feature of the docked state is that it can reversibly unbind from the fibril. Therefore, in the present theory the docked state can be identified with mis-aligned polypeptides and the locked state with the correctly bound molecules. This is in agreement with simulations showing a very fast locking step when the register between the fibril and incoming molecule is correct. 47 On the other hand, it is also possible to envision a model that does allow a direct conversion from the docked state to the locked state. This would require a polypeptide to bind to the fibril end at multiple positions along its length separated by unbound coil regions. Each of these bound segments would then perform random walks similar to those described in Fig. 1 . Such direct interconversion could be tested by rapidly exposing fibrils to a pulse of labeled monomers and checking if the ratio of final incorporation to initial binding exceeds the (2L) −1 predicted by theory. While the model assumes that the initial contact between the soluble polypeptide and the fibril is a random event, in some cases binding between the fibril and the polypeptide may be non-random. Electrostatic interactions will always disfavor parallel, in-register binding, while enhanced binding probabilities may arise from complementary electrostatic interactions in anti-parallel fibrils 48 or residual structure in the incoming polypeptide. For example, structural differences in the disordered state ensembles of Aβ 40 and Aβ 42 may be partly responsible for the differences in the aggregation of these two species. 49 However, perturbations such as nonrandom binding or folded domains in the soluble molecules will not alter the qualitative result that ordered fibril growth requires a conformational search over a large number of energetically favorable binding states. This explains why the growth rates for the partially folded insulin system show the same qualitative trends that would be expected for a disordered polypeptide.
In summary, the coarse-grained model of amyloid growth presented here explains many features of the aggregation process including the non-monotonic effect of denaturants, the Arrhenius temperature dependence, and the long timescales characterizing aggregation.
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APPENDIX: PASSAGE TIMES FOR THE H-BOND RANDOM WALK
Incorrectly bound dwell time
In the language of the random walk described in Fig. 1 , t bond corresponds to the mean first passage time for a particle that starts at x = 1 to reach an absorbing boundary at x = 0. The mean time t(x) required for a particle starting at x to reach an absorbing boundary satisfies the following recursion relationship:
where p ± = k ± /(k + + k − ) are the probabilities of left/right steps and the average waiting time between steps is τ = (k + + k − ) −1 . Equation (A1) reflects the fact that after waiting one time step τ the particle that started at x begins a new random walk at x + 1 with probability p + , or at x − 1 with probability p − . In the continuum limit this can be written as the differential equation, 
So, the average dwell time for a polypeptide that makes an incorrect initial H-bond is
Correctly bound proteins a. Splitting probabilities
To describe events where the polypeptide binds with the correct alignment and orientation Eq. (10) requires both the probability P + that the polypeptide fully binds before detaching and the average times for full binding and detachment. In the random walker mapping, the attachment probability corresponds to P + = E + (1) where E ± (x) is the probability that a walker starting at x reaches the right/left boundary first. In analogy with Eq. (A2), these splitting probabilities obey the differential equation, 31 DE ± + vE ± = 0.
With the boundary conditions E + (0) = 0, E + (N β ) = 1, E − (0) = 1, and E − (N β ) = 0 the solutions are 
b. Binding and release times
The next step is to calculate the average times for correctly bound random walks to reach the left or right boundaries. First, define the quantity t + (x) as the average time for a particle that starts at x to reach the right boundary considering only paths that do not touch the left boundary. Similarly, t − (x) describes the average time to reach the left absorbing boundary without touching the right. These times can be determined from the recursion relationship for the combined function E ± t ± , 31 E ± (x)t ± (x) = p + E ± (x + 1)t ± (x + 1) + p − E ± (x − 1)t ± (x − 1) + τ E ± (x). (A7)
In the continuum limit this becomes
Equation (A8) can be integrated to solve for E ± t ± . Applying Eq. (A6), the solutions for the average times are 
Setting t attach = t + (1) and t rel = t − (1) yields Eqs. (6) and (7).
